A mathematical model of attached bacterial dynamics based on microcolonization was devised using data obtained from a bog. Bacterial samples obtained from any natural water body can be examined by this model with the method of non-linear least squares. The model comprises three bacterial processes; i.e., (1) the attachment rate which was dependent on time after submergence by adsorption onto the substratum surface, and both (2) growth and (3) detachment rate which were dependent on the number of bacterial cells in the microcolony. The population dynamics are expressed as
Introduction
The aquatic bacteria associated with a solid surface utilize the nutrients concentrated on the solid surface (ZoBell and Anderson, 1936) , establish microcolonies (Bott and Brock, 1970a; Marshall et al., 1971; Caldwell et al., 1981) and ultimately form a biofilm community (Wolfaardt et al., 1994) on the substratum. The early stage of bacterial attachment has been studied in detail (e.g., Mueller et al., 1992; Millsap et al., 1994) by in situ microscopic observations with image analysis or as cell-solid surface interaction (e.g., Busscher et al., 1992; van der Mei et al., 1993; Reid et al., 1994) in the laboratory. These studies, especially microscopic observation of microbial attachment, detachment and growth in laboratory systems, provide fundamental knowledge for study of bacterial attachment in natural water body. Direct observation with microscopy is, however, an unrealistic method to use in investigation of a natural water body. In most cases, only "snap shots" are available from natural water bodies. Therefore, it is necessary to develop mathematical models for the investigation of microbial attachment in natural water bodies.
There are pioneer works formulating mathematical models of bacterial attachment. Fletcher (1977) described the bacterial attachment onto a solid surface as an adsorption process. Caldwell and his colleagues (Caldwell et al., 1981 Brannan and Caldwell, 1982; Kieft and Caldwell, 1983) proposed some models of bacterial attachment and growth on a solid surface with a "free living approximation", using experimental data with the assumption of a constant growth rate for different numbers of bacterial cells inside microcolonies. Aida et al. (1988) gave a model which simultaneously contains attachment, growth and detachment terms with the "free living approximations" that can be applied to natural water. Substantially the same model has been successfully applied also to precise laboratory investigations with microscopic in situ observations (e.g., Mueller et al., 1992) in which detachment was referred to as erosion.
The microcolonies of attached bacteria are, however, substantially heterogeneous in their microcolonization, microenvironment and consortial biofilm formation (Wolfaardt et al., 1994) . Microcolonization would reduce the growth rate of attached bacteria according to the progression of time, since it increases the bacterial biomass inside the microcolony, it would decrease the nutrient availability of each bacterium in the microcolony. Microcolonization would also reduce the detachment rate of attached bacteria since the larger colony would establish more tight attachment of bacteria onto the substratum (Marshall et al., 1971) . Therefore, it is necessary to Fig. 1 . Scheme of the three elementary processes governing the dynamics of attached bacteria. Squares show definite region of the substratum and circles show attached bacteria. An attachment of bacteria (hatched) increases the number of colonies by one and the number of bacterial cells (Top). Bacterial growth (meshed) does not increase the colony number by an increase of one cell (Center). The bacterial detachment (broken lined circle) affects the microcolonization dynamics as a the function of the microcolony from which the bacterium detached (Bottom). A bacterial detachment from multiple cellular microcolony decreases the cell number by one, without affecting microcolony number. A bacterial detachment from a unicellular "microcolony" decreases both cell number and microcolony number. Although arrows indicate a sequence, these three processes occur independently and concurrently.
formulate the population dynamics of attached bacteria based on microcolonization in order to understand the ecological mechanism of bacterial attachment in an aquatic environment. Three elementary processes, i.e., attachment, growth and detachment, govern the population dynamics of attached bacteria; these biological processes affect the number of microcolonies and the cell number of attached bacteria in different ways (Fig. 1) . Each attachment of the bacterial particle (i.e., either single cell or clumping cells; in most cases, single cell) increases the number of microcolonies by one, and increases the number of bacterial cells by the cell number of the attached bacterial particle. Each growth of a bacterial cell increases the cell number by one, but does not affect the number of microcolonies. The effect of bacterial detachment depends on the characteristics of a colony from which detachment took place. In the case where the bacterial cell detached from a "microcolony" composed of a single cell, the detachment causes a decrease in both the number of cells and microcolonies by one, respectively. In another case, the detachment from a multicellular microcolony decreases the cell number by one but has no effect on the number of microcolonies. These differences in the effect of elementary processes show the importance of inter-relationships between the multiplication of bacterial cells in each microcolony and the colony increment on a substratum for the construction of a model on the microcolonization dynamics. Non-linear least square analysis using a computer is an essential tool for estimating the parameters in the population dynamics of bacterial cells inside the microcolonies on a solid surface in an aquatic environment.
Materials and Methods

Model of epibacterial population dynamics
We wish to deal first with a set of differential equations describing the population dynamics of attached bacteria. To make clear the model of dynamics, we will derive the dynamics in the initial stage of the attachment process, and then develop them at the later stage where the new attachment is obstructed by indigenous bacteria.
We can assume a "single step" model for two reasons; 1) we cannot expect synchronous cell division in general, because each attachment occurs randomly, 2) the model description by differential equations ensures the single step assumption with infinitesimal time steps, and the examination of a statistically significant number of microcolonies ensures this assumption.
As described above, the population dynamics of microcolonies on the substratum are affected by three processes; attachment, detachment and growth (Fig. 2) .
The attachment rate was assumed to be proportional to both the concentration of bacterial particles (F i ) drifting in the water column, and the attachment rate coefficient a i of each bacterial particle. Since the transformation of attached cells to irreversibly attached cells modifies only the attachment rate coefficient (Mueller et al., 1992) , the effect of the transformation is already introduced in the coefficient a i . This coefficient could be variable depending on the size of the bacterial particle because the interaction could depend on the number of cells interacting with solid surface. The coefficient should be also variable with the quality of the solid surface including the effect of conditioning by organic molecules.
The microcolony of i cells of attached bacteria would have its own growth rate coefficient g i . The growth rate of the density of i cell microcolonies, C i , would depend on both the growth rate coefficient and the density itself as their yield, g i C i . The growth of a single cell in an (i -1) cell microcolony increases the density of the i cell microcolony by one, and decreases the density of the (i -1) cell microcolony, C i-1 , also by one. Hence, the contribution of the growth in microcolonies to the density of i cell microcolonies would be g i-1 C i-1 -g i C i , or a difference of growth in the one cell smaller microcolonies (size of i -1) and the given microcolonies (size of i).
The colony density of attached bacteria does not increase to infinity but rather to a saturated level (Millsap et al., 1994) . This indicates that there must be detachment of cells (Peyton and Characklis, 1993) after "irreversible" attachment though it is rather arbitrarily termed as "irreversible". The i cell microcolony would have its own rate coefficient of bacterial detachment b i . The detachment rate of the density of i cell microcolonies would depend on both the coefficient and the density itself as its yield, b i C i . The detachment of a single cell from the (i + 1) cell microcolony decreases the density of the (i + 1) cell microcolonies by one, and increases the density of the i cell microcolonies also by one. Hence, the contribution of the detachment in microcolonies to the density of i cell microcolonies would be -b i C i + b i+1 C i+1 , or difference of detachment from the one cell larger microcolonies (size of i + 1) and the given microcolonies (size of i).
The population dynamics are, therefore, expressed as
Within a regular investigation period, the growth rate coefficient g i , the detachment rate coefficient b i and concentration of the drifting bacterial particle F i can be regarded as constants (Utsumi et al., 1994) . Summing up Eq. (1) for i to the any integer j ≥ 1,
Since each cell has finite volume and colony density is finite, there must be an integer i which satisfies for any integer j > i
Hence, with j large enough, we can describe total density of microcolonies as
( ) without ambiguity and losing generality. A practical value of i is the cell number of the largest microcolony observed.
The total density of microcolonies is increased by the attachment and decreased by the detachment of single-cell microcolonies, but is not affected by the bacterial growth: The growth of a microcolony causes an increase of the cell number in the microcolony, whereas it has no effect on the number of microcolonies. Hence, the total density of microcolonies, ∑C i , is expressed as another equation as
These two equations (2) and (5) give the condition of
This equation indicates that the growth must be balanced by detachment for the microcolonies of maximum cells, or, no growth in microcolonies of maximum cells ( g i = 0) and hence no microcolonies larger than maximum cells ( C i +1 = 0). In most cases, the bacterial particles that newly attach are composed of a single cell, F i = 0 for any i ≠ 1, and hence ∑a i F i can be regarded as a 1 F 1 . Under this condition, dynamics of the total microcolony densities can be simplified as
When the coefficient of attachment rate a 1 is constant, the plot of C 1 versus d∑C i /dt gives an regression line with the intercept of a 1 and the slope of -b 1 , respectively. In this case, the density of microcolonies would increase asymptotically to a steady-state d∑C i /dt = 0, or
where C 1 and F 1 are values at the steady-state. The time course of total microcolony density is an exponential curve. The attachment rate coefficient depends on the quality of the substratum surface which is conditioned by adsorption of organic molecules. In the case where this conditioning and microbial attachment occur simultaneously, the attachment rate coefficient should be considered time dependent. The adsorption of dissolved matter by the surface can modify the attachment rate coefficient as
where A 0 , A 1 and τ are constants. In this case the density of microcolonies increases to the steady state with S-shaped time course.
Although the coefficients, a 1 , g i and b i , can be determined by the least square regression, each coefficient g i or b i appears twice in the right side of successive equations (1) and makes determination of these coefficients unstable. Here the regression is readily proceeded with the following modification of Eq. (1),
( ) because the parameters g i and b i appear only once in the right side of the equations. Thus these parameters can be determined practically by applying each equation independently. At the later stage of bacterial attachment, when bacteria have covered a nontrivial extent of the substratum, only bacteria attached to the free surface of substratum increase their number of colonies upon attachment (Fletcher, 1977) . The bacteria newly attached to the indigenous bacterial colonies do not increase the number of microcolonies but the cell number of the microcolonies. The population dynamics of the later stage is, therefore, expressed as
where each σ i is a probability of interaction between indigenous i cell microcolony and newly attached bacterial cell. This probability has dimension of area and is so-called the cross section of microcolonies. Assuming the cross section is proportional to the cell number in a microcolony (σ i = iσ 1 ), and no detachment (b 1 = 0), Eq. (11) is the same as the adsorption equation of Fletcher (1977) because ∑σ i C i = σ 1 ∑iC i = σ 1 N, where N is number of bacterial cells. The σ gives a criteria of the later stage: The σ 1 would be the order of the geometrical cross section of single bacterial cell.
Total number of cells
The total cell density, N ≡ ∑iC i , is governed by an equation
which is the sum of a series of Eq. (1) as multiplied by i.
In a particular case where both coefficients of the growth rate and the detachment rate are proportional to microcolony size i as g i = iG and b i = iB, Eq. (13) is simplified as
Equation (15) is same as the model proposed by Aida et al. (1988) with the assumption that F i = 0 for any i ≠ 1, i.e., all bacterial particles are comprised of a single cell. It is also the same as the model proposed by Caldwell et al. (1983) with the assumption of F i = 0 for any i ≠ 1 and a substitution of B = 0.
In the case where all aF, G and B are constant, Eq. (15) can be solved analytically as
where A = ∑a i F i . In this case, the coefficients must be B > G, or, bacterial cells must detach faster than grow, as the number of bacterial cells becomes a steady value as observed previously (Bott and Brock, 1970b; Fletcher, 1977) . There must be some modification of coefficients in Eq. (15) as shown by Aida et al. (1988) .
Methods for the model application
Attached bacteria were sampled weekly at Station 2 of Matsumi-ike Bog in the campus of University of Tsukuba (Naganuma and Seki, 1985) from June 1992 to December 1992. Matsumiike is a bog separated by a street into two basins. The bog water can flow at the flood from one basin to another through earthen pipes beneath the street. Station-2 locates the basin which has been conserved as a natural bog.
Glass slides were vertically submerged just below the water surface at 9:00 for every sampling. These glass slides had been washed carefully in distilled water and heated at a temperature of 450°C for 30 min to remove organic compounds before submersion. Each slide was recovered at 3, 6, 9, 12, 15, 18, 21, 24 and 36 hours after submersion, to enumerate the attached bacteria on the slide surface. The recovered slides were washed 100 times to eliminate the reversible attached bacteria which detach easily. It has been confirmed previously (Aida et al., 1988) that washing between 50 and 150 times is needed to isolate the irreversible attached bacteria. The washed slides were fixed for several hours in 4% neutral formaldehyde, and then stained for 2 min with acridine orange solution (1:10000 in 6.6 mM phosphate buffer of pH6.6). These stained slides were washed with distilled water, and dried for examination under an epifluorescent microscope (Nikon, Tokyo). Enumeration was done to determine the density of bacterial microcolonies on the slide and the cell number in each microcolony. The examination of these glass slides gave a periodical series of bacterial microcolony development on the solid surface as a set of time series of microcolony density with different numbers of cells in each microcolony, C i (t). Linear and non-linear least square methods were used to determine the parameters of the population dynamics of attached bacteria, A 0 , A 1 , g i , b i and τ. Since the dynamics are expressed by a set of differential equations, it is necessary to apply a non-linear least square method with numerical integration of these differential equations for determination of the parameters. The result of non-linear least square method with numerical integration firmly depends on the initial value of these parameters. Here the initial values were determined by applying the linear (for i > 2 in Eq. (10)) and nonlinear (for i = 1 in Eq. (10)) least square method with the differential equations (10) with approximation of the differentiation by central difference, the difference of microcolony density and previous microcolony density divided by time increment. The parameters determined by these least square methods were used as initial values in the non-linear least square method for numerical integration to determine precise parameters without approximation of differentiation.
The modified Gram-Shumidt method (Björck, 1967) was used for the linear least square regression, which gives the parameters by linear matrix operation to the time series of measured microcolony density. The modified Marquardt method (Marquardt, 1963; Moré, 1978) was used for the non-linear least square regression repeating the modified Gram-Shumidt method until the square sum of difference of measured microcolony density and the calculated value was minimized. Using the parameters estimated by these methods as initial value, the parameters were determined by the hybrid method (Powell, 1970a, b) which can be applied to least square method with numerical integration.
These three least square methods were proceeded by a computer program working on an IBM-PC using the Linux operating system. The source codes of the program written in the programming language C++ are available by anonymous ftp from ftp.biol.tsukuba.ac.jp (130.158.222.1).
Application of the Theoretical Model
Successful applications of difference data and its least square solution were made for the analysis on microcolony dynamics and the result is shown in Fig. 3 . It is evident that the difference does not decrease monotonously but has a maximum, i.e., the attachment rate is not constant but depends on time. The curvature depends on the specific time τ of which the mean and the standard deviation were 13.8 ± 3.9 hours.
The numerical integration based on the estimated parameters gave curves as shown in Fig.  4 . The numerical integration gives highly significant regression for all samples; the correlation Fig. 3 . Empirical analysis of the bacterial attachment using typical difference approximated data (open circle) by determining the regression curve (solid line). The curvature can not be explained by the constant but time dependent attachment rate coefficient for adsorption of molecules by the substratum surface. Though the differentiation is approximated by difference, the regression was statistically significant (0.25 < r 2 = 0.74 < 0.94, 95% significance). Fig. 4 . Increment of bacterial microcolony density (symbols) and regression curves (solid lines) from periodic sampling in the Matsumi-ike bog. The regression curves obtained by the bacterial population in the bog were highly significant (0.958 < r 2 = 0.972 < 0.982, 95% significance). coefficient was 0.981 ± 0.012 (mean ±SD), its maxima and minima were 0.995 and 0.951 respectively, and its 95% significant range was 0.921-0.997. Both measured data and the regression curves showed S-shaped trajectories. The estimated growth and detachment rate depended on the size of bacterial microcolonies on the glass slides as shown in Fig. 5 . Both growth and detachment rate were normalized by these rates of unicellular colony and then averaged over all samples. The growth rate decreased reciprocally proportional to the size of microcolony, g i = 1.000 × i -1.056 , r 2 = 0.96, where i is the size of colony, as shown by the regression curve. The detachment rate is maximal for a two cell microcolony; a regression curve of b i = Bλ i e -λ /Γ(i -1) where Γ(i -1) is Γ function, B and λ are constants given by regression as 6.70 and 3.04 (r 2 = 0.98), respectively.
Discussion
The increment rate of total microcolonies of attached bacteria, d∑C i /dt, was dependent on the density of single cell microcolonies, C 1 , not in a linear fashion, but showed a maximum (Fig. 3). As described above, when the attachment rate of attached bacteria aF is a constant, the increment rate of total bacterial microcolony must decrease linearly in d∑C i /dt versus C 1 plot. The non-linear dependency in Fig. 3 indicates that the attachment rate is not a constant, but varies with the time since the submersion of the solid surface. The attachment rate would increase exponentially by the adsorption of nutrients on the substratum. The attachment rate can be affected not only by physicochemical factors such as adsorption but also by biological factors; i.e., biofilm formation has been shown to enhance easy attachment and to inhibit detachment. This biological effect, however, had little effect on the attachment rate within the time range of this experiment, although the growth and detachment rates are affected because of their dependency on colony size. The attachment rate increased total colony density in an S-shaped trajectory (Fig. 4) . If the attachment rate is constant, the trajectory of total colony density must be exponential by attaining a steady level . The initial increase of the Sshaped trajectory in Fig. 4 is explained by the initial increase of attachment rate coefficient in Fig.  3 . Later slowing down of the increase in S-shaped trajectory is a consequence of bacterial detachment which is proportional for a single cell microcolony of attached bacteria. It can be explained also by the increment of detachment rate, if the attachment rate is constant, as shown in Aida et al. (1988) . Because the attachment rate cannot be directly observed and thus can be approximated only by differences, there are rather large residues in the regression curve of the differential equation model (Fig. 3) compared to the regression curve of the total colony density (Fig. 4) . However, the regression of the differential equation suggests the mechanism directly and eloquently.
As described before, the growth and detachment rates must be proportional to the microcolony size if the growth and detachment occur independently of each cell in each microcolony. However, neither was obviously proportional to the size of bacterial microcolonies (Fig. 5 ). This implies that there must be some biological interaction among bacterial cells in every colony.
The growth rate was reciprocally proportional to the colony size. In geometrical terms, the ratio of the effective surface area to the volume of bacterial colony limits the growth rate of attached bacteria. Laboratory experiments by Caldwell and Lawrence (1986) showed that growth rate of Pseudomonas fluorescens was independent of the number of cells in microcolonies under laminar flow and glucose concentration of 0.1 or 1 gL -1 . These high concentrations are unrealistic in any natural water, and the flow rate dependency of growth rate at 0.1 gL -1 and independency at 1 gL -1 must be re-examined when their model is actually appiled to those in any natural water, where such constant laminar flow and high organic nutrients cannot be expected.
The detachment rate has been shown to be maximized for a two cell colony of the bog bacteria. However, the detachment rate for two cell colony was less than twice that of the detachment rate for single cell microcolony. This increase can not be explained by independent detachment of bacterial cells in a microcolony. The detachment rate decreased with greater numbers of bacterial cells in colonies of three or more cells, and was almost zero for the colonies of 8 cells or more. As the cell numbers in a bacterial microcolony increased, the affinity of the attached bacteria and the substratum became greater, and hence the detachment rate would decrease. Since most recently-attached microcolonies are comprised of single cells, the number of bacterial cells in a microcolony is dependent on time after their attachment onto a substratum. A larger colony would reside longer on the substratum with greater affinity to the substratum, thereby decreasing the detachment rate. The zero detachment of bacteria from the microcolonies of 8 or more cells suggests that 8 cells or three generations of attached bacteria establish some "rigid" binding to the substratum. This "rigid" attachment is different from so called irreversible attachment since irreversible attachment refers to transformation of an attached cell before any growth, and the non-zero detachment rates observed conflict with the term irreversible. It is clear that the detachment rate must be proportional not to cell density in bulk water but to microcolony density on the solid substratum, because of the saturation in microcolony density on the solid surface.
The dependency of growth and detachment rate of attached bacteria on the colony size indicates that the microcolonies composed of less than five cells should be dominant; the bacterial detachment is compensated partly by their cell division. However, there are colonies with greater numbers of attached bacteria in nature. It suggests that there are two types of attached bacteria, one that detaches rather easily and can not form larger microcolonies (bacterioplankton oriented), and the other establishes rigid binding to form larger microcolonies (true epibacteria).
The dependency of these rates also indicates that the growth rate is greater than the detachment rate for larger colonies of attached bacteria, because the former is reciprocally proportional to the number of bacterial cells, i, and the latter is reciprocally proportional to λ -i Γ(i -1). Thus, once a larger colony is established on a substratum, it can develop into a biofilm. The development of bacterial microcolonies is followed by formation of bacterial biofilms where the crowded bacterial colonies minimize the area of the free surface of the substratum (Wolfaardt et al., 1994) .
